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TRANSLATIONAL-ROTATIONAL COUPLING IN STRONGLY ANHARMONIC 
MOLECULAR CRYSTALS WITH ORIENTATIONAL DISORDER
by W.J. BRIELS, A.P.J. JANSEN and A. van der AVOIRD
Institute of Theoretical Chemistry, University o f Nijmegen, Toernootvetd, Nijmegen, The Netherlands
A B S T R A C T
We have developed a new lattice dynam ics sheme for handling large amplitude llbrational motions or hindered rotations, en­
harmonic translational vibrations and translation-rotation coupling in molecular crystals. This formalism is based on expanding the 
intermolecular potential in the molecular displacements and including the cubic and higher terms, while retaining its exact  anisotropy* 
This potential is first used to construct mean field states for  the molecular translations and hindered rotations, and next to  solve the 
equations of motion for the crystal in the random phase approximation (RPA), which takes Into account the correlations between the 
molecular motions as well as translation-rotation coupling. It Is Illustrated that this scheme gives very accurate results fo r  the ordered 
ot and 7  phases o f  solid nitrogen, while it also yields, for the first time, a quantum dynamical description o f  the molecular m otions In the 
plastic 0 phase and a fairly accurate a —0 transition temperature.
R E S U M E
Nous proposons une nouvelle méthode de dynamique de réseau pour traiter les mouvements de libration de grande amplitude ou 
les rotations empêchées, les vibrations translationnelles anharmoniques et le couplage rotation-translation dans les cristaux moléculaires, 
Ce formalisme est fondé sur le développement du potentiel intermoléculaire en terme de déplacements moléculaires, et Inclut les termes 
cubiques et d'ordre supérieurs tout en retenant son anisotropie exacte . Ce potentiel sert d'abord à construire des états de cham p moyen 
pour les translations moléculaires et les rotations empêchées qui sont utilisés ensuite pour résoudre les équations du m ouvem ent dans 
une approximation de type phase aléatoire (RPA) tenant compte des corrélations entre mouvements moléculaires ainsi que du couplage 
translation-rotation. Ce schéma, appliqué à l 'azote solide donne de très bons résultats pour les phases ordonnées oe et 7  et donne ¿gaie­
ment, pour la première fois, une description quantique des mouvements moléculaires dans la phase plastique (3 ainsi qu 'une assez bonne 
valeur de la température de transition a —jS.
1. Introduction
in many molecular crystals, especially in those com­
posed of light molecules or in those in a thermodynamic 
state near to a phase transition, the molecules perform 
oscillatory motions with very large amplitudes, or, in the 
case of plastic crystals, even hindered rotations. As 
opposed to the pure harmonic motions (1) the oscilla­
tory motions with large amplitudes are relatively poorly 
understood. The traditional method (1) of perturbation 
expansion around a harmonic approximation very soon 
runs into calculational problems because large order 
perturbation terms are needed. Moreover, in view of the 
fact that the perturbation series for a quartic anharmo- 
nic oscillator has vanishing range of convergence (2 ), 
one should be very careful with the interpretation of the 
results of perturbation calculations.
In case the molecules perform hindered rotations, 
with their centres of mass fixed to a lattice point, fairly 
good results have been obtained!3“8). In many cases 
this model will not be very realistic, however. Most 
molecular crystals are rather closely packed, which urges 
the molecules to separate before large changes in their 
orientations can occur. This means that there will be 
a considerable coupling between the translational and 
the rotational motions of the molecules. It  is just this 
coupling which has attracted a lot of attention t9“15 ) 
during the last years, and which will be the subject of 
the present paper*
A striking property of almost all theories dealing 
with rotation-translation coupling in molecular crystals 
is that the translations and rotations are first treated 
separately, most often in completely different ways,
and that the coupling is introduced afterwards, Although 
this seems physically appealing, it brings with it a lot 
of computational problems if one wishes to perform 
actual dynamics calculations, rather than to give a more 
or less phenomenological description. Our formalism 
(16-18) avoids these problems by introducing the 
rotation-translation coupling simultaneously with the 
correlation between the translational and the rotational 
vibrations of the individual molecules, while using the 
full space group symmetry of the system,
We have chosen to illustrate the results of this 
formalism by applying it to solid nitrogen, for two 
reasons. The first reason is that nitrogen occurs in 
different modifications, ordered as well as orientation- 
ally disordered, and that many experimental data are 
available (19-20), Even in the ordered phases, especially 
in the neighbourhood of the a — J3 order-disorder phase 
transition, but also at lower temperatures, the ampli­
tudes of the orientational oscillations of the molecules 
are rather large and their motions will be strongly 
anharmonic. The second reason is the availability of an 
ab initio intermolecular potential I21) which has been 
given im the desired analytic form, and which has 
already proved its quality on several bulk properties 
<22'24).
2. The Hamiltonian
In order to model the crystal we associate a position 
vector with each point P =  {/? ,/} of a lattice. The posi­
tion vector of the point P is given by R^ p =  4* F/,
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unit cell to which P belongs, and the position vector
of P relative to this origin. The molecules are supposed 
to librate and oscillate in the neighbour-hood of the 
points they are associated with. The position vector of 
the centre of mass of the molecule at P relative to
^  _y
Rp will be denoted by u?r In order to describe the
orientation of a given molecule we attach a rectangular 
coordinate frame to it, and give the Euler angles cop =  
{a p»/3p,7p} of this frame relative to a fixed lattice 
frame.
The potential energy of two molecules, at P and P* 
respectively, is expanded (25*30) jn a complete set of
A
functions of the variables o)p, o>p' and U pp^w here  
Upp> is the unit vector in the direction of Upp* =f
(Rp' +  £/p') — (R p 4- ¿/p) sa. Rpp/ +  6/p' — Up. The
coefficients of the expansion then depend on Upp' 
the length of U p p», As a basis for the expansion we
(f i i ) (£2 ) (®3) *use the products (coP) D „2m2 (o)P0 0m3 (Upp*),
where the are Wigner functions and is
a Racah spherical harmonic. For these functions as 
well as for the Euler angles we use the conventions of 
Edmonds (31), The expansion can be greatly simplified 
by using the full symmetry of the molecular pair. For 
this purpose we need the transformation properties of 
the Wigner functions, both with respect to rotations 
of the lattice (or space-fixed) frame and with respect to  
rotations of the molecular (or body-fixed) frames. If we 
change from one lattice frame to another, which has 
Euler angles co relatively to the original frame, then a 
scalar quantity which was originally described by a func­
tion F will be described in the new frame by R (£3) F ; 
the two functions are related by R ( 2 )  F (go) =  F (0/ ) ,  
where co and gj* are the Euler angles of a molecule rela­
tive to the new and the old lattice frame, respectively. 
Similarly, if we change from one molecular coordinate 
frame to another, which has Euler angles ¿3 relative 
to the original one, F will transform into R; (#5) F. 
With the conventions that we have adopted the trans­
formed Wigner functions are given by (30) :
R (w) M  =  I
m '
M  D (S)m'm ( S ) ,  (2.1)
R'GS) M  =  Y  (co) (co). (2.2)
n
Using the second of these relations we construct
linear combinations M  =  A t f )n
n
which transform according to the totally symmetric 
representation of the molecular point group. Only 
these combinations will occur in the expansion of the 
potential energy. Using the first of the above relations 
we can impose the condition that the expansion should 
be invariant under any rotation of the lattice frame. 
The final result then is
^  ( U p p* / co p r co p* ) i wpp¥ U ( U • > £ (  *
(Bh) (C2)
m
* Gm1 ' <C0P^  Qm2 Cm3 (Üpp»)
/772 /7T3
(2.3)
Here the first symbol after the second summation 
sign is a 3 —j coefficient; the labels are defined as
y  I.
£ =  {fy ,&2 f % }  and m  =  {rr)>\ r m 2 / ni3 },  In case the
intermolecular potential is given in terms of atom-atom 
potentials, the coefficients y^(U pp ') can be analytically
evaluated (29'30)- When the potential is numerically 
known, for instance, from ab initio calculations, the 
coefficients can be obtained (21 ) by a numerical inte­
gration for several values of UPP', and then fitted to
analytical expressions.
In order to obtain the translational dependence of 
the potential energy in a more tractable form we expand 
the translationally dependent part of eq. (2.3) in a 
Taylor series
Oi,
^ (UPP') C^3 (Upp') =  X
a,,<*2 Û!') I Ota I
Y U ÎR p p O c iÿ  (Rpp-)
X *
(2,4)
The sums over and a2 must, in principle, be 
extended to infinity; in practice they will run over all 
non-negative values for which [a] =  4- a 2 S  ^max1
The differentiations in eq. (2.4) can be evaluated 
most efficiently by means of the gradient formula in 
spherical tensor fo r m i18*31). This formula is very 
easy to apply once an analytical expression for
VU (UppO is given. For the details we refer to ref. (18).
2
The final expression for the intermolecular potential 
energy then reads
<3?pp' (Up , COp fUp1, COp') — $  ( U p p '  , COp , CJp')
2  (“ pi“ ’ c i ‘ , l W p ) < , l f e p l x A (P.P'I
A 1 ' A2
Gm f (wp') c lf22> Wp') (Up'>
mm
a2 (2.5)
where A ;- =  {ty ,k f tn,-t9.f tmj}  are composite indices. 
An explicit expression for X Al A2  (P , P') has been given
in ref. (1®). (Although the situation treated in the 
present paper is somewhat more general than in ref. (18), 
the expression for X A A (P1 ,P2) is the same in both
cases).
Finally, we are in a position to write down the crystal 
Hamiltonian
H = S  {T (wP) + L(coP) } +
P
_L J L V  V  A /“*■
2 ^  ^  PP' p , C O p  ' UP'* (2.6)P * P '
The translational kinetic energy is given by T  (up) =
-K2
2  t—^
2 mT ^ p w^ere ^  ‘s roolecular mass and the
2Laplacian V is most conveniently expressed in spherical 
coordinates ( u p , u p ) ; the rotational kinetic energy
L (cop) in the most general case is given by the asymme-
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trical top expression (32,33). The double sum in eq. (2.6) 
respresents the potential energy of the whole crystal. 
This term is sometimes written (3) as a sum of one- 
particle contributions plus a sum of two-particle contri­
butions, or one (9-11) has distinguished between pure 
translational, pure rotational and coupled translational- 
rotational terms. Although such partitionings might 
contribute to an understanding of the physical contents 
of the theory, we shall not introduce them here, because 
they are not essential for the application of the method 
described in the next section. A second remark: it is 
natural (34), especially in a mean field treatment of the 
Hamiltonian (2 .6 ), to use the basis functions of the 
representations of the site group of the point P, instead 
o f the spherical harmonics (Up). We shall not follow 
this convention, because we find it easier to write the 
formulas (and implement then in a computer program) 
in terms of spherical harmonics. Of course, the results 
can always be re-expressed in terms of basis functions 
adapted to the site group.
3. Lattice dynamics
The essential aspect of our lattice dynamics calcula­
t io n  is that we first treat the complete hamiltonian 
( 2 .6 ) in a mean field approximation, and then use the 
resulting mean field states in an RPA treatment, again 
o f  the complete hamiltonian (2.6). An important pro­
perty of our method is that it yields the exact results 
fo r  a harmonic hamiltonian, including the translation- 
rotation coupling which is present at the harmonic 
level. Moreover, in the general case, it gives good results 
f o r  pure rotational as well as for pure translational sys­
tems.
A. The mean field approximation
The mean field approximation is based on the ther­
modynamic variation principle (35,36)
0 + < H - H 0 > 0 > A , (3.1)
where H0 can be any hamiltonian, and ( X ) 0 is the 
thermodynamic average of an operator X over the states 
o f  H 0, i.e. <X )0 — Z q 1 Tr X exp (— 0HO) with Z0 =  
T r  exp (— |3Hq) and (3 =  (k% T ) “ 1. The Helmholtz free 
energy corresponding with H0 is A 0 =  T ^ 0  anc* 
A  is the free energy corresponding with the exact hamil­
ton ian  H. The mean field approximation consists in 
choosing H0 as a sum of one-particle operators
(3.2)
such that Avar is stable against all first order variations
o f  Hp F . As is well known, this leads to a set of coupled
equations
4
H p lF (i?’p,CJp) =  T (up) + L(cop)
■I- ^  ( ^pp^ii/p, cop \Up*, WpO )p» (3-3)
P'*P
w hich  have to be solved for H ^ F, Here < X >P> denotes
th e  thermodynamic average of X over the states of 
Hp»F ,coP'). Once the Hp 1F are known, the approxi­
m ate thermodynamic properties of the system are 
given by
- -  I  >p , (3.4)
P 2 p
A  =  -A -B T I l n Z ^ F
S =
dA
9T
■\
=  * d I  In Z d F +  TB
E =  A + TS
Here Zd F =  "r ------- ' /iuMFl
1
y  
2 *p
< ^ F >p.  (3.6)
Tr exp (— |3Hp ).
Regarding the solution of the system of equations 
(3.3) let us make two remarks, First, in order to calcu­
late the thermodynamic averages we diagonalize H pF, 
i.e. we construct eigenfunctions of HpIF, and then per­
form the averaging in the obvious way. The mean field 
eigenstates can be constructed as linear combinations
of the products (up) (ojp), where the transia-
tional basisfunctions (¿tp) =  F^ f*^  (up) C j^  (Op) are 
3-dimensional harmonic oscillator functions expressed
in spherical coordinates ; the radial functions F j^  U/p) 
are essentially Laguerre functions {18,37). The pro­
blem with this approach, however, is that the size of the 
product basis required to approach the mean-field states 
will be very large. Therefore, we choose to further sepa­
rate the mean-field hamiltonian (3.2) into a translational 
and a rotational part:
Ho (3.7)” !L {Hp (tfp) +  Hp (cop)},
P
The mean field formalism given above then remains 
essentially the same, the main change being that P must 
be replaced by the pair { P ,K }  where K =  T, L distin­
guishes the translational from the rotational degrees of 
freedom. One can envisage the crystal now as consisting 
of two “particles" at every lattice point P, one librating 
and one oscillating particle. The mean field eigenstates
of H i  (Up) will be linear combinations of (Up), and
those of Hp (cop)wi(l be linear combinations of (top). 
Matrix elements over such basis functions with the 
potential (2,5) are not difficult to evaluate ; the
angular integrals over D ^  (to) and c {^  functions
reduce to products of 3-j symbols (31 »33) and the radial 
integrals can be calculated from the formulas given in 
ref, (18,38). The mean-field equations for Hp (¿7^ ) and
I  *
Hp(cop) are coupled, but this coupling can be treated
along with the coupling contained in the translational 
and librational mean-field equations themselves by 
following the usual iterative procedure to find the self- 
consistent solutions.
As a second remark we mention that, in order to sol­
ve the mean field equations we must impose symmetry 
relations on the Hp. We mostly use the experimentally
observed symmetry. In some cases (see section 4), we 
find that the mean field solution with the experimental 
symmetry is not stable, however, (see section 3,C) and 
we look for solutions of lower symmetry. As a result of 
the translational symmetry, it follows that Hp =  Hp,
when Rpp> Is-equal to a primitive lattice vector. Moreo­
ver, as a result of the point group symmetry, only the 
Hp of the molecules in the asymmetric part of the unit 
cell are independent. For the other molecules in the 
unit cell, genericalfy labeled by P*, there exist Euler
angles cop» such that the transformed mean field R (wpO 
^■¡5k (see section 2 ) is equal to $p [f, where P labels
the molecule to which the molecule at Pr is connected 
by a symmetry operation. Using eq. (2.1) and the defi-
nition of the we then derive
<G^ > P ' L = S < G $ > P L D ÿ m (3.8)
m '
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and similarly
<C( k )n ® n ’n (3.9)
n
In the latter equation we have used the fact that 
spherical harmonics transform in the same way as the 
Wigner functions, i.e. as given by eq. (2 .1). Introducing 
these results into the mean field equation (3.3) we find 
that these equations involve only the molecules in the 
asymmetric part of the unit cell.
B. The random phase approximation
We shall restrict ourselves in this subsection to the 
case T =  0 K ; a treatment for nonzero temperature can 
be given along the same lines and with exactly the same 
results in the limit of zero temperature, by using the 
time-dependent Hartree approximation.
The mean field treatment of the preceding sub­
section has provided a set of single-particle states
and From these we construct a crystal
state
(3.10)
n case all the a p and j8P are equal to zero, eq. (3,10) 
represents the mean field ground state of the crystal. 
We obtain the excited states by use of the excitation
operators (EpK )+, which replace by I'^p^X
when applied to the mean field ground state. The 
random phase formalism consists of two approxima­
tions. First, we write the Hamiltonian eq, (2.6) as a
quadratic form in the excitation operators (EpK )  ^
and their hermitian conjugates EpK :
H Z [  2  f A?K;TK ' ^EP K ^  EP'K'
P, K,P , K or,/J
+  ( ^ p k )1* (E p 'K '^  +  hermitian conjugate]
(3.11)
Here, the prime on the first summation sign indicates 
that P =  P' together with K =  K' should be excluded. 
Linear terms are absent ¡n eq. (3.11) because of the
where N is the number of unit cells in the crystal and q 
is the wave vector. It is well known that the boson 
commutation rules are preserved under such a transfor­
mation. The next step is to define operators aK (q)^
which represent the exact excitation operators of the 
crystal and to express these operators as
a* (Q)
a iK
+ l_ 1  CiiK  ®  E IK I “ « '] <3.13)
These operators must satisfy the equations of motion
[H.,aJ (<7)] =  (q) a£ (q),
^ ___y  ^
[H ,a. (q)] =  — co. (g) a. (q).
(3.14)
<3.15)
which leads to the RPA eigenvalue problem for the
coefficients (± )c *
$ ï q )
$lq)
-  $  (q)
X +  $  (q)
( +) C (q)
( - ) C(ijr)
(+)
( - )
C(q)
C(q)
cofq) (3.16)
The elements of the diagonal matrix Xand those of 
the matrix $  are defined as
XaiK,c«'l'K' ~  Saa> §n' 5K|<( (e k eQ K)
(3.17)
with e „ — en v being the mean-field excitation
0 ,1s
energies and
n
H" Ô $ c W  ^ a P K  '^PP" ' PKC^  (3.18)
n /
KK
Brillouin theorem. The coefficients A ^ ^ k '  and with P -  { 0 , / } ,  P' =  ( n P" =  { n , i n}, K =  T  or
can be calculated by equating the nonzero matrix 
elements of eq, (3.11) in the basis given by eq. (3.10) 
to the corresponding matrix elements of eq. (2 .6 ) in 
the same basis. The translational symmetry of the mean 
field states can be used to show that the A and B 
coefficients do not depend on the position labels
P =  {n)i} and P* =  { /? ' , / }  but only on the sublattice 
labels / and i l . The second step in the RPA formalism 
is that we assume boson commutation rules for the 
excitation and de-excitation operators. It is not difficult 
to see that this is only approximately tru e (39,40).
Once we have made these approximations, it is easy 
to diagonalize the hamiltonian eq. (3.11). A partial 
diagonalization is of course obtained by adapting the 
problem to the translational symmetry of the crystal, 
i.e. by using operators
1
(3.12)
e “k (q) y /W
n c ®
E {n, ì}  K
n
L, Kc =  L or T, and <$>pp, being the potential (2.5),
The mean-field states are given by eq.
(3.10); they correspond to excitations (o:p >  0) of one
translational, K =  T, or librational, K =  L, "particle". 
Accordingly, each matrix $ (^ )  occurring in eq, (3.16)
has diagonal submatrices, $ T T , correlating the trans­
lational motions of the molecules in the lattice, and
correlating their librational motions, and off-
diagonal submatrices $ TL and $ L T , which account 
for the translational-rotational coupling. The eigen­
vectors of the RPA equations (3.16) may be conceived 
as generalized normal modes of the system, one for 
each \  and if , with fundamental frequencies (<f).
In general, these modes will be mixed translational- 
rotational, their translational components can be 
strongly anharmonic, and their rotational components 
may describe (anharmonic) librations as well as 
(hindered) rotations.
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C. Stability conditions
The mean field equations (3.3) have been obtained 
by making the free energy Avar, eq. (3.1), stationary 
with respect to variations of the mean field hamil-
!\/l F or variations of the corresponding density 
p exp (— /3Hp1^ ). This amounts to
tonian Hr 
operator d p *  =  2
setting the first order variation equal to zero.
The resulting solution, i.e. the mean field solution, 
only corresponds to a minimum of Avar, however, 
if the second order variation, A ® ,  is positive for all
variations of d*f ^. This quantity A ^  can be written
4. Application to solid nitrogen
As mentioned in the introduction, solid nitrogen is 
an interesting system to illustrate the possibilities of our 
formalism. We have not yet studied the very high pres­
sure phases, which have recently been discovered (42,43), 
but we have restricted ourselves to the ordered a  and 7  
phases and the orientationally disordered j3 phase, since 
most of the experimental data refer to these phases. 
Figure 1 shows the structures of these modifications,
C
A
as a quadratic torm with the matrix
$ ( q )  - X $ ( ? )
N (? ) =
$(q)
(3 .19)
/ n \
as Hessian. A ^ .  will be positive definite only if the 
(hermitian) matrix HCq) is positive definite. This matrix 
N (¿7) is closely related to the matrix
X - f ( o ) - $ ( ? )
-  X +  $ 0 )
0
0
(3 .20)
occurring in the RPA problem, eq. (3.16), and it can be 
demonstrated (17»41) that the RPA eigenvalues co^  (q)
are indicators for the stability of the original mean field 
solution, which was used to construct the RPA matrices, 
via eqs. (3.17) and (3.18). The eigenvalues (iftare 
purely real or purely imaginary ; if one or more of these 
eigenvalues is imaginary, then the mean field solution 
is not stable, i.e. it does not correspond to a minimum 
of Avar. Searching in the direction of the eigenvector (s) 
corresponding to the imaginary eigenvalue(s), can help 
us in finding a new, stable mean field solution*
P-N 2 ,P 6 3/ m m c  (Z = 2)  
a=4.05ÛÂ, 0 = 6.604 Â
a-N 2,Pa3(Z=4)
a = 5.644 Â
Y-N2,P42/mmm (Z = 2) 
a = 3.957Â, c = 5.109 Â
F19, 1. — Crystal structures of a, (3 and 7  nitrogen, according to ref, [19]
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The, pairwise additive, intermolecular potential which 
we have adopted is the ab initio potential of Berns and 
Van der Avoird (21). This potential has been given in the 
appropriate form, eq. (2.3), but since the nitrogen mole­
cule is linear we need only two Euler angles, coP = {0 p  f 
¥?P}, to define its orientation. The symmetry adapted 
functions G ®  (o;p) in the potential (2.3) and (2.5) can 
be replaced by Racah spherical harmonics (top), 
with even 12 only (if we disregard the occurrence of 
mixed isotrope 14N l5 N molecules, the natural abun­
dance of 15INI being only 0,37 %). The rotational kinetic 
energy in the Hamiltonian (2.6) becomes simply
L{ojp)  =  B Jf2 (4.1)
with the rotational constant B =  2.013 cm“ "1 for 
14N 1 4 N. The Wigner (coP) functions in the orien­
tational mean field basis can also be replaced by spheri­
cal harmonics c j^  (toP), with even JE for ortho-nitrogen 
(I =  0,2) and odd £ for para-nitrogen (I =  1). We have 
noticed that the results of our calculations are mostly 
very similar for the ortho and para species, due to the 
quenching of the N 2 rotations, i.e. the orientational 
localization, caused by the anisotropic potential.
In order to check the accuracy of our calculations, 
we have tested for the various truncation errors. The 
lattice summations over the potential were finally 
taken over all neighbouring molecules within a range 
of approximately 10  A, i.e. about 8 6  molecules in Qtt 
¡3 and 7  nitrogen. The expansion of the potential in 
terms of the molecular displacements, eqs* (2.4) and 
(2.5), was truncated after =  4 (taking =  2
would make the potential harmonic in the translatio­
nal vibrations). This value arnax — 4 corresponds to 
1 % accuracy of the expanded potential for displace­
ments as large as 0.3 A ; the actual root mean square 
displacements emerging from the calculations are only 
about 0.1  A (see below). The orientational dependence 
of the ab initio potential i21 )* which contains terms up 
to £max =  6 , was fully retained in the dynamics calcu- 
ations. The basis for the translational vibrations contai­
ned all 3-d harmonic oscillator functions up to A7max =  5
inclusive, and the basis for the orientational motions all 
spherical harmonics up to £max =  10  for a and J3 nitro­
gen and £rnax =  12 for 7  nitrogen. For convenience, the
latter basis was actually used in the form of real tesseral 
harmonics. ■
A. The ordered a.-and y-phases
1
The a- and 7 -phases are both stable at low tempe­
rature. The a-phase exists in equilibrium with nitrogen 
vapour of very low pressure (practically p =  0). The 
7 -phase is stable above p =  4 kbar. While studying the 
dynamics of the crystal we also optimized the cell 
parameters, as follows. For the ft-phase we calculated 
the minimum of the free energy A in the mean field 
approximation, eq. (3.4), as a function of the cubic 
cell parameter a. This yielded the optimum cell para­
meter a =  5.699.A (experimentally ( I 9 ) a =  5,644 A) 
and the mean field lattice cohesion energy at T =  OK 
of AE =  5.92 kJ/mol (experimentally AE =  6>92kJ/mol). 
For the 7 -phase we calculated the free energy A for 
several values of the tetragonal cell parameters a and c, 
and fitted A (a,c) by a quadratic function. On each 
curve of constant molar volume i / = N a 2 c/2 we deter­
mined the optimum a and c by minimizing A. Using 
the optimum points and the corresponding free energies
3 A
we calculated the pressure as p = -------- . Thus we found
9 v
at p =  4 kbar that a =  3.961 A  and c =  5 .104  A  in very 
good agreement with the experimental values ( I 9) 
a =  3.957 A  and c =  5.109 A.
Apart from the free energy, the mean field approxi­
mation yields a good picture of the single molecule mo­
tions. We have plotted the probability density for the 
librations in Figures 2a and b. We clearly observe that 
the orientations of the molecules in the a-phase are 
localized around the [ 1 , 1 , 1 ] axes which is in agreement 
with the experimental findings. In the 7 -phase the 
molecules are found to be localized around the [ 1 , 1 , 0 ]
y
X
a -  N2 groundstate ÿ
T= OK
y
X
Y - N 2 groundstate
T=0K
Fig. 2 . — Orientational probability distributions of the molecular 
axes in a. (Fig. 2a) and 7 (Fig. 2b) nitrogen. Contours of cons­
tant probability for the molecule in the origin, calculated in the 
mean field model, are plotted as functions of the polar angles 
{$, $)  with respect to the crystal axes (F)g. 1 ). The angle 0 
increases linearly with the radius of the plots from  0 (in the 
center) to 7t/2 (at the boundary), 0  is the phase angle.
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TABLE I
Translational and Ubrational amplitudes from mean field calculations
a-N2 T = O K  p - 0
<u*>* = 0 . 1 1 2  X
< u |> *  = 0.107 X
< u M  » 0.189 X
2 A
arccos(<cos 0> ) = 16.1°
y-N2 T - 0 K p - 4 kbar
u>/ = uti,i,o]
ulab = U [1,-1,0] 
ulc = U [0,0,1]
< u M  = 0.100 X 
<uZ L>* = 0.086 X
J_ab
<u? >* = 0.087 X
1c
< u M  » 0,159 X
2 A
arccos (<cos fl> ) = 12.9°
asymmetry parameter (rotation out of ab-plane - rotation
. 2  . 2  2 
. -1 . <sin 6(sin ip-cos (p)> 
m  ab-plane): ? ---- ----  * 0.05
i  JK
......  <S1R Q> . _ . _
TABLE II
amax dependence o f some BP A lattice frequencies for 0L-N2  (a *= 5,644 A, T =  O K)
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TABLE (II
Lattice frequencies in u-N2  (in T =  O K, p =  O
experiment semi-empirical
[ 47] harmonic [ 20]
SCP
[24]
RP k 
(this work)
a(&) 5.644 5.644 5.796 5.699
r(o,o,o)
/
E 32.3 37.5 39.5 31 .0
g
librations T 36.3 47.7 48.5 41 .0
g
T 59.7 75.2 "0 . 3 68.0
> g
A
u
46.8 45.9 48.8 47.2
V I
T 48.4 47.7 48.4 48.8
translational u
vibrations E 54.0 54.0 53.5 55.6
u
T 69.4 69.5 72.0 73.1
 ^ u
M(-" , 0 )
a a
r M 12
27.8 29.6 32.5 27,6
M 12
37.9 40.6 43.3 39.1
mixed
1
M
12
46.8 51.8 54.0 50,2
1
M
12
54.9 59.0 58.5 59.1
w M
12
62.5 66.4 64.9 66.5
R(
ïï ÏÏ IT ^ 
> > *a a a
•
f  —  
R1 33.9 34.4
34.2 34.4
translational
w 1 1 1 \  M  a , 34.7 35.7 35.9 35.8
vibrations 23
R23
n.
68.6 68.3 71 .0 72.3
librations R1 43.6 * 50.7 52.7 47.9
* r
R23
1
47.2 57.8 55.7 50.8
.............. . ■ ................. ... .......  ' ............. ..................... ...................
r.m.s. deviation of librational frequencies 10.6 9.7 5.0
r.m.s. deviation of translational frequencies
1
0.6 1 . 6 2.1
r.m.s. deviation of all latt
1
ice frequencies 6.1 6.0 3.4
TABLE IV
Lattice frequencies in y —N2 (in c m T  =  O K, p =  4 kbar
expariment 
[48,49]
semi-empirical 
harmonic [20]
SCP
[24]
RPA 
(this work)
aCÂ) 3.957 3.940 4.100 3.961
c(Â) 5.109 5.086 5.188 5.104
l
r(o,o,o)
»
S
E 55.0 50.5 56.5 67.6
g
1ibrations 1 B.
1 g
98.1 74.8 85.2 103.3
O
A 2g
105.1 107.1 124.4
translational
1
E 65.0 58.3 69.3 65.2u
vibrations
[B 1U
103.1 107.4 1 14.9
r.m.s. deviat ion
...............................................................................
14.2 7.9 7.9
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axes, again in agreement with experimental data. Ana­
logous figures for temperatures up to 40 K are qualita­
tively similar. The amount of delocalization is measured 
by the order parameter S =  <P2 (cos Q)) where Q is now 
defined relative to the equilibrium axis. A t T =  0 K  we 
find S =  0.885 and S =  0,925 for the a and y phase 
respectively. Experimentally one finds S =  0.863 for the 
a-phase. The agreement is f a i r ; as usual the mean field 
calculations slightly overestimate the order parameters. 
Similar parameters are given in Table I for the transla­
tional vibrations, As indicated already by the librational 
order parameter S, we observe that the molecular mo­
tions in the 7 -phase are slightly more restricted than in 
thea-phase.
Having calculated the ground and excited mean field 
states of a- and 7 -nitrogen, we included the correlations 
between the molecular motions as well as the translatio­
nal-rotational coupling by determining the eigenvalues 
of the RPA matrix M(q),  Eq. (3.16). Both calculations 
(mean field and RPA) were performed for amax =  2 
(i.e. harmonic translational vibrations), a max =  3 and 
4. Looking at Table II we observe that the size of the 
anharmonic corrections to the translational frequencies 
is comparable to the self-consistent phonon (SCP) 
corrections (24), This is a favourable result since the 
SCP method appears to work very well for the transla­
tional lattice modes in solid nitrogen. There is an impor­
tant difference, however, between our formalism and 
the SCP method)44). The latter neglects those terms 
in the potential that depend on odd powers of the mole­
cular displacements. The cubic terms are sometimes 
added perturbationally (45*46). Qur formalism includes 
the cubic terms directly. In the pure translational modes 
of Table II they have no effect, however, because of the 
inversion symmetry in a-nitrogen.
The frequencies from the RPA calculations are given 
in Tables III and IV for different wave vectors q. The 
agreement with the experimental data(47-49) is very 
satisfactory, especially if we remember that the ab initio 
potential has not been adjusted to improve this agree­
ment (in contrast with most semi-empirical calculations). 
Particularly the pure libron frequencies are substantially 
improved with respect to earlier harmonic and SCP 
calculations (24) using the same ab initio potential, and 
also with respect to semi-empirical harmonic calculations 
(2 0 ). Also the mixed phonon-libron modes, which 
describe explicitly the translational-rotational coupling, 
are represented very accurately by our formalism. All 
points in the Brillouin zone, except some points of high 
symmetry, actually yield such mixed modes and, there­
fore, the translational-rotationa! coupling can have 
important effects on the properties of the crystal. We 
intend to study such effects in the near future,
B. The plastic $-phase
The ff-phase is stable above T =  35,6 K. We started 
our calculations on this phase by assuming the experi­
mentally observed symmetry. Thus, the two molecules 
in the hexagonal unit cell were given translationally 
equivalent mean field solutions. The probability density 
o f the ground state wave function that resulted for the 
ortho-species is shown in Figure 3a. (The ground state 
o f  the para-species is twofold degenerate. The average
1
probability density ^  ( |  \jj<\ |2 +  |ip2 I2) is similar to
Fig. 3a). We observe that the orientations of the mole­
cular axes are delocalized. The motions can be described 
as precessions around the crystal c-axis which are hinde­
red by small sixfold barriers. In accordance with the 
picture of Press and Hullerf50) the angle 6 between the
molecular axes and the c-axis shows a rather broad dis­
tribution, The maximum of this distribution lies at the 
"experim ental"09 ) precession angle : about 56°,
Starting from this ground state and a number of 
excited states we wanted to calculate the libron fre­
quencies. The relevant formulas are obtained by restric­
ting Eqs. (3,16) to (3.18) to the librational_^'par|.icles" 
only : K =  L. Some of the frequencies for u came 
out imaginary. According to section 2.C this implies
y
X
(3 -N 2 groundstate
T = 0 K
y
x
P - N 2 groundstate ^
T= OK
Fig. 3. — Orientational probability distribution of the molecular 
axes for the delocalized (Fig. 3a) and localized (Fig. 3b) mean 
field states in /3-nitrogen. Figure 3a applies to both molecules 
in the unit cell. Figure 3b Is drawn for one molecule in the unit 
cell; the other molecule in the celi is rotated over 0 =  180°. 
The distribution does not change qualitatively up to (at least) 
T =  70 K ; it just becomes slightly wider with increasing tempe­
rature. Reading of the contour plot as in Figure 2,
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that the delocalized mean field states do not correspond 
with a (local) minimum of the free energy. Inspecting 
the eigenvectors of the RPA problem belonging to the 
imaginary frequencies taught us that the free energy 
could be lowered by out-of-phase motions of the two 
neighbouring molecules In the unit cell.
Indeed, we found that there exists a mean field solu­
tion which is lower in free energy than the delocalized 
solution by 0.87 kJ/mol at zero temperature. In this 
new solution the orientations of the molecular axes are 
clearly localized (see Fig. 3b). The states for the two 
neighbouring molecules in the unit cell are equivalent^ 
but rotated over 180° around the c-axis. This 180 
rotation avoids the hindrance which occurs between 
neighbouring molecules when they process freely (51). 
The angle Q ** 52° between the molecular axes and the 
crystal c-axis is slightly smaller than for the delocalized 
case.
The most remarkable feature of the localized state is 
that the experimentally observed hexagonal symmetry is 
lost. This symmetry will be restored if we assume that 
for each molecule six equivalent mean field solutions are 
available, which are related to each other by rotations 
of 60° around the c-axis, and that the molecules can 
jump from one localized solution to another within 
the time that is characteristic for the observation pro­
cess, i.e. the inverse NMR or NQR frequency ( 19), for 
example. We shall digress on this hypothesis in the next 
section.
We calculated the libron frequencies by the RPA 
method with two excited localized mean field states 
on each molecule. All frequencies came out real now, 
as they should be for a stable mean field solution (see 
Table V). The experimental spectra (47*52) show two 
very broad peaks of which the higher one around 
50 cm“*1 (depending on the temperature and pressure) 
has been Interpreted as a libron band and the lower one 
around 25 c m " 1 as a translational phonon band, The 
higher libron frequency agrees reasonably well with our 
results, but according to our calculated frequencies, the 
libron modes might cause some absorption in the lower 
band as well (apart from symmetry and intensity consi­
derations which we have not looked at). Our results 
indicate that the broadening of the observed libron band 
is caused by coupling of localized librational modes with
more or less random jumps in the orientations of the 
molecules by multiples of 60° around the crystal c axis.
The localized mean field solution poses yet another 
problem. Although we expect that the experimentally 
observed lattice symmetry can be restored by allowing 
rapid jumps between the six localized librational solu­
tions, the lower symmetry of the actual solution makes 
it impossible to use our libron-phonon formalism as 
such. Indeed, we found that in the mean field of the 
“broken symmetry'' librations the equilibrium positions 
of the molecules tend to shift away from the hexagonal 
lattice sites. In order to solve this problem one would 
have to extend our formalism with a dynamical model 
for the symmetry-restoring jumps.
C. The a-0 phase transition
In Figure 4 we have plotted the free energy A calcu­
lated for the different mean field solutions of a- and 
0-nitrogen, The contribution from the translational 
vibrations is not included in this picture, for the reason 
mentioned in the previous section. However, we do not 
expect a great difference in this contribution between 
the a- and j3-phase. The curve for the delocalized mean 
field solution of 0-nitrogen declines much steeper, with 
increasing temperature, than the localized /3-N2 curve
and the a-N2 curve* This is caused by the considerably 
lower excitation energies for the delocalized states, 
which look like hindered rotor states rather than libra­
tional oscillators. It is characteristic that a free rotor 
model produces almost the same free energy curve as 
the delocalized model. However, the free energy at zero 
temperature for the delocalized model is too high to 
make its curve cross the a-N2 curve at any reasonable 
temperature. So this model fails to explain the a-0 
phase transition.
For the localized j3-N2 model the energy is substan­
tially lowered due to a more favorable packing of nea­
rest neighbours. But its free energy curve runs almost 
parallel to the a-N2 curve, because of the similar size 
of the mean field excitation energies. So we still find 
no crossing between the a- and j3-curve.
Let us consider, however, the jump model of the pre­
vious section. Because of important energy effects, 
the orientations of the molecules will not be completely
T A B L E  V
Optical fq = (5) frequencies in 0-nitrogen (in cm~^)
calculated (libron) experiment
RPA RPA ref. [52 ] Kj ems and Dol1inga^
temperature (K) 0 55 55 55 55 55 36
3 — t 
molar volume (cm .raol ) 28.26 28.26 26.87 25.90 25.05 23.59
frequencies 25±3 28±3 31±3 36±3 25
.... " .... ""
translational phonon
64
34.9 33.9
56.7 40.8
libron
65.7 55.8 50±3 54+3 58±3 68±3
73.3 58.8
-
a)
as quoted in ref.[52]
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T (K)
Fig. 4, — Free energy (at zero pressure) for a-nitrogen and 
/3-nitrogen, in different mean field models (closed lines). The 
dashed free rotor curve has been calculated from the isotropic 
(fi-p 22, 83) =  (0» 0) term of the ab initio potential (21) by 
adding the free rotor expression for the free energy, as In ref, 
(53). The dashed jump model curve has been obtained from 
the localized mean field solution (with the full anisotropic 
potential) by adding an entropy term — kBT In 6 (see text).
randomly distributed over the six possible localized 
librational solutions. On the contrary, they will show 
a strong short range correlation. The effect of this 
correlation is to lower the energy of the crystal and 
make it approximately equal to the energy of the loca­
lized model. The entropy of the crystal can be assu­
m ed to be the sum of two contributions. The first part 
originates from the librations of the molecules around 
the ir equilibrium orientations, and this is approxima­
te ly  the entropy of the localized model. The second 
part is due to the distribution of the molecules over 
th e  six positions. Although there is a strong short 
range correlation, it is in the spirit of the present mean 
fie ld  approach to set the corresponding entropy equal 
to  -/rB T  Jn 6 . This yields the dashed curve in Figure 4 
marked "/M\l2 jump". This curve crosses the free energy
curve of a-N 2 at T — 34 K, in close agreement with the 
experimental a-0 phase transition temperature, T =  
3 5 .6  K. This model still needs a sound theoretical for­
malism for the dynamics of the jump process, however.
5. Conclusions
The results which we have obtained for solid nitrogen 
demonstrate that the formalism which we have develop­
ed yields a realistic description of the anharmonic 
translational vibrations, the large amplitude librations, 
which are much more strongly anharmonic, and the 
translation-rotation coupling in molecular crystals, 
Using an ab initio intermolecular potential, the results 
fo r  the ordered a and 7  phases are quantitatively very 
accurate. For the plastic j3 phase we predict that the 
experimentally observed orientational disorder is caused 
b y  rapid 60° jumps of the molecules around the crystal
c-axis, between localized librational states. The two 
neighbouring molecules in the hexagonal unit cell tend 
to remain 180° out of phase, in order to obtain a consi­
derably lower packing energy of the crystal than for 
the free precession model, which has also been invoked 
to explain the orientational disorder. Although we have 
not yet developed a dynamical model for the correlated 
jumps of the molecules, we find that the jump model 
for the j3-phase can yield a fairly accurate transition 
temperature for the a-(3 order-disorder phase transition.
References
(1) S. Califano, V. Schettino and N. Neto. — Lattice dynamics 
of molecular crystals, Lecture notes in chemistry, Vol. 26, 
1981, Springer, Berlin.
(2) B. Simon and A. Dicke. — Ann* Phys., 1970, 58, 76.
(3) T. Yamamoto, Y. Kataoka and K. Okada. — J Chem, 
Phys., 1977, 66,2701.
(4) H.M. Jam«« and T,A, Keenan, — J. Chem. Phys., 1959, 
31,12.
(5) A. Huller. — Phys. Rev., 1974, B 10, 4403.
(6) J.C, Raich. -  J. Chem. Phys., 1972, 56, 2395.
(7) I.F. Sifvera. — Rev. Mod. Phys., 1980, 52, 393.
(8) J. van Kranendonk. — Solid Hydrogen, Plenum, New York,
1983
(9) K.H. Michel and J, Naudts. -  J, Chem. Phys., 1978, 68, 
216.
(10) B. de Raedt, K. Binder and K.H. Michel. — J. Chem, Phys., 
1981,75, 2977,
(11) K.H. Michel. - Z  Physik, 1984, B 54, 129.
(12) A. HOUer and J.C. Raich. -  J. Chem. Phys., 1982, 77, 
2038,
(13) A.I.M. Rae. -  J. Phys., 1982, C 15, 1983; 1982, L 287.
(14) J.C. Raich, H. Yasuda and E.R. Bernstein. — J. Chem. 
Phys., 1983,78,6209.
(15) T. Luty and A. van der Avoird. — Chem. Phys., 1984, 
83, 133.
(16) A.P.J. Jan son, W.J. Briols and A. van der Avoird. — J
Chem. Phys., 1984, 81, 3648.
(17) A. van der Avoird, W.J. Briols and A.P.J. Jansen. — J, 
Chem. Phys., 1984, 81, 3658.
(18) W.J. Briels, A.P.J, Jansen and A, van der Avoird. J. Chem. 
Phys., 1984, 81,4118.
(19) T.A. Scott. —Phys, Repts., 1976, 27, 89.
(20) J.C. Raich and N.S. Gillis. -  J. Chem. Phys., 1977, 66, 
846.
(21) R.M. Barns and A. van der Avoird. -  J. Chem. Phys 
1980, 72, 6107,
(22) M.C. van Hemert and R.M. Berns. — J. Chem. Phys,, 1982, 
76, 354.
(23) C. Nyeland, L.L. Poulsan and G.D. Billing. -  J. Phys. 
Chem., 1984, 88,1216.
(24) T. Luty, A. van der Avoird and R.M, Berns. -  J. Chem. 
P h y s 1980, 73,5305.
(25) W.A. Steele. — J. Chem. Phys., 1963, 39, 3197.
(26) P.A. Egelstaff, C.G. Gray and K.E. Gubbins, — In Phys. 
Chem. Ser. 2, Vol. 2, Molecular structure and properties, 
MTP internet Rev. Sch, Butterworths, London, 1975,
(27) A. van der Avoird, P.E.S. Wormer, F. Mulder and R.M, 
Berns. — Topics Current Chem.f 1980, 93,1.
(28) H. Yasuda and T. Yamamoto. — Progr. Theor. Phys., 1971, 
45, 1458.
(29) J, Downs, K.E, Gubbins, S. Murad and C.G. Gray. -  M ai 
Phys., 1979,37, 129.
(30) W.J. Briels. — J. Chem. P h y s 1980, 73, 1850,
(31) A.R. Edmonds. — Angular momentum in quantum 
mechanics, Princeton University Press, Princeton, 1957,
(32) P.R. Bunker. — Mofecular symmetry and spectroscopy, 
Academic, New York, 1979.
(33) G. Brocks, A. van der Avoird, B.T, Sutcliffe and J. 
Tennyson. - M o i  Phys., 1983, 50, 1025.
(34) M. Yvinec and R.M. Pick. — J. Phys. (Peris), 1980, 41, 
1045; 1980, 41, 1053.
(35) M.D. Girardeau and R.M. Mazo. — Advan. Chem. Phys.,
1973, 24, 187.
(36) R.P. Feynman. — Statistical Mechanics, Benjamin, Reading, 
1972.
(37) J.L. Powell and B. Craseman. — Quantum Mechanics, 
Addison-Wesley, Reading, 1961.
(38) J. Tennyson and B.T. Sutcliffe. -  J. Chem. Phys., 1982, 
77,4061,
(39) J.C. Raich and R.D. Etters. — Phys. Rev., 1968, 168,425,
(40) P.V. Dunmore. -  J. Chem. Phys., 1972, 57, 3348,
Journal de chimie physique, 1985, 82, n° 2/3
136 W.J. Briels, A.P.J. Jansen and A. van der Avoird
(41) D.R. Fredkin and N.R. Werthamer. -  Phys. Rev., 1965, 
138 A, 1527.
(42) R. le Sar, S.A. Ekberg, L.H. Jones, R.L. Mills, L.A. 
Schwalbe and D. Schiferl. — Solid State Commun., 1979, 
32 131
(43) D.T. Chromer, R.L. Mills, D. Schiferl and L.A. Schwalbe.
— Acta Cryst, 1981, B, 37, 8.
(44) N.R. Werthamer. — In: Rare gas soiids, M.L. Klein and 
J.A. Venables eds., Academic, London, 1976, Vol. I, 
p. 265.
(45) V.V. Goldman, G.K. Horton and M.L. Klein. — Phys. 
Rev. Lett., 1968,21,1527.
Journal de chimie physique, 1985, 82, n° 2/3
(46) T.R. Koehler. —Phys. Rev. Lett., 1969, 22, 777.
(47) J.K. Kjems and G. Dolling. — Phys. Rev.f T975T, B11, 1639.
(48) M.M. Thiery and D. Fahre. — Mol. Phys., 1976, 32, 257.
(49) F. Fondère, J. Obriot, Ph. Marteau, M. Allavina and H. 
Chakroun. — J. Chem. Phys., 1981, 74, 2675.
(50) W. Press and A. Hüller. — J. Chem. Phys., 1978, 68, 4465.
(51) A.F. Schuch and R.L. Mills. — J. Chem. P h y s 1970 52 
6000.
(52) F.D. Medina and W.B. Daniels. — J. Chem. Phys., 1976 
64,150.
(53) J.C. Raich, IM.S. Gillis and T.R. Koehler. — J. Chem. Phys.,
1974, 61, 141 1.
I
•I
«5
]
i>
1
J<
I
'I
I
f;
i
1
I
Ivi■I
4
I
4J
I
•4
I
i
J
4
»
